The correlation relationship between the deuteron asymptotic normalization constant, A S , and the triplet np scattering length, a t , is investigated. It is found that 99.7% of the asymptotic constant A S is determined by the scattering length a t . It is shown that the linear correlation relationship between the quantities A −2 S and 1/a t provides a good test of correctness of various models of nucleon-nucleon interaction. It is revealed that, for the normalization constant A S and for the root-mean-square deuteron radius r d , the results obtained with the experimental value recommended at present for the triplet scattering length a t are exaggerated with respect to their experimental counterparts. By using the latest experimental phase shifts of Arndt et al., we obtain, for the low-energy scattering parameters (a t , r t , P t ) and for the deuteron characteristics (A S , r d ), results that comply well with experimental data. 
1. Basic features of the deuteron -such as the binding energy ε d ; the electric quadrupole moment Q; the root-mean-square radius r d ; the asymptotic normalization constants for the S and the D wave, A S and A D ; and the corresponding asymptotic D/S ratio η = A D /A Splay a significant role in constructing realistic models of nucleon-nucleon interaction and are important physical characteristics of nuclear forces. Of equally great importance are lowenergy np scattering parameters in the triplet state. This include the scattering length a t ; the effective range r t ; and the shape parameters v 2 , v 3 , v 4 , ... appearing in the effective-range expansion k cot δ t (k) = − 1 a t + 1 2
where δ t (k) is the triplet np scattering eigenphase corresponding to the 3 S 1 state. For this reason, much attention has been given to these quantities both in theoretical and in experimental studies [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . At the present time, the experimental value of the deuteron binding energy ε d is known to a high precision [9] :
The value of the asymptotic D/S ratio, η, was also determined to a fairly good precision, both theoretically and experimentally (see [4, 7, [15] [16] [17] ). The majority of the theoretical estimates of this quantity are in good agreement with its experimental value of η = 0.0272 [15] . At the same time, the values of some characteristics of the deuteron, such as the asymptotic normalization constant A S and the root-mean-square radius r d , were the subject of controversy. For example, the value obtained for A S directly from experimental data by analyzing elastic pd scattering [18] ,
is at odds with the theoretical estimates derived for this quantity for many realistic potentials [19] [20] [21] [22] [23] [24] [25] [26] , as well as with those found from an analysis of phase shifts [17, 27] and on the basis of the effective-range expansion [4, 8] . Values of the asymptotic constant A S that are discussed in the literature vary within a rather broad range -from 0.7592 f m −1/2 to 0.9863 f m −1/2 [28, 29] .
In a number of studies the result reported by Ericson in [5] , A S = 0.8802 f m −1/2 , is used for an "experimental" value. It should be noted, however, that this value was obtained from an analysis of the linear relationship between the asymptotic constant A S and the rootmean-square radius r d rather than from experimental data directly. This linear correlation relationship between A S and r d was established empirically for various models of nucleonnucleon interaction [5, 30] . The procedure that Ericson used to obtain the above value of A S = 0.8802 f m −1/2 on the basis of this relationship involved averaging the values of the root-mean-square radius r d that were found experimentally in [10, 11] . In view of this, the use of Ericson's result for an experimental value is not quite correct. The value that is presented in (3) and which was derived in [18] on the basis of a direct method for determining this normalization constant from an analysis of data on elastic pd scattering is more justified.
Other values sometimes used for the experimental asymptotic normalization constant include A S = 0.8846, 0.8848, and 0.8883 f m −1/2 (see [4] , [30, 31] , and [8] , respectively). In just the same way as Ericson's result, they can hardly be treated, however, as correct experimental values, since they were found in the effective-range approximation with allowance for some corrections associated with the form of interaction; moreover, the low-energy triplet np scattering parameters that were employed in doing this are not determined from experimental data unambiguously. By way of example, we indicate that, in [1-3, 12-14, 32] , values between 5.377 f m [1] and 5.424 f m [32] are given for experimental values of the triplet scattering length a t , but the asymptotic normalization constant A S greatly depends on a t . As will be shown below, 99.7% of the normalization constant A S is determined by the triplet scattering length a t .
In the following, the value in (3) from [18] will be used for the experimental value of the normalization constant A S . It is close to the value of A S = 0.8771 f m −1/2 , which corresponds to the vertex-constant value of G 2 d = 0.427 f m for the d → n + p vertex and which was obtained earlier in [33] . As we have already indicated, the authors of [18, 33] employed a direct method for determining the constants A S and G 2 d that relies on extrapolating the experimental cross sections for elastic pd scattering to the exchange-singularity point.
In just the same way as the constant A S , the root-mean-square radius r d of the deuteron is determined, to great extent, by the triplet scattering length a t . A linear correlation relationship between the quantities r d and a t was established empirically in [6, 30] . To a high precision, this relationship can be approximated as follows:
At present, the following experimental values are used in the literature for the root-meansquare radius of the deuteron:
According to Eq. (4), the following values of the scattering length a t correspond to the values of the radius r d in (5):
On the other hand, the values of the triplet scattering length that were calculated for many realistic nucleon-nucleon potentials [19-21, 24, 25] are close to the experimental value [32] a t = 5.424 f m ,
which is recommended at present, but which, in accordance with Eq. (4), leads to the rootmean-square radius exaggerated in relation to the experimental values in (5a)-(5c); that is,
Thus, we can see that, frequently, values obtained and used in various studies for the characteristics of the deuteron and for the triplet low-energy np scattering parameters are contradictory and deviate from experimental results.
2. In accordance with [8] , the asymptotic normalization constant A S for the deuteron can be represented in the form
where α is the deuteron wave number defined according to the relation ε d =h 2 α 2 /m N and
is the deuteron effective range corresponding to S-wave interaction. The definition and properties of the radius ρ d and of the function ρ (E 1 , E 2 ) are discussed in detail elsewhere [1] . The quantity ρ d appears in the expansion of the function k cot δ t (k) at the point k 2 = −α 2 -that is, at the energy value equal to the deuteron binding energy. The expansion at the point k 2 = −α 2 is similar to the expansion in (1), which is performed at the origin, involving the ordinary effective range r t ≡ ρ (0, 0) of scattering theory -that is, the effective range at zero energy. It can easily be found that the quantities ρ d and r t are expanded in powers of the parameter α 2 as
where ρ m ≡ ρ (0, −ε d ) is the so-called mixed effective range [1] , for which the following relation holds:
The shape parameters v n in expansions (1), (10), and (11) are dimensional quantities. Instead of them, one often introduces the dimensionless shape parameters P t , Q t , ... related to the parameters v n by the equations
From the expansions in (10) and (11), it follows that the quantities r t , ρ d , and ρ m are related as
The asymptotic normalization constant A S for the deuteron is directly expressed in terms of the residue of the S matrix S (k) at the pole k = iα corresponding to a bound state of the two-nucleon system; that is,
Along with the constant A S , other physical quantities, such as the nuclear vertex constant G d and the dimensionless asymptotic normalization constant C d , are frequently used in the literature [28, 29] . These two quantities are directly related to the constant A S by the equations
where λ = 2λ N , with λ N ≡h/m N c being the Compton wavelength of the nucleon.
In the approximation where there is no dependence on the form of interaction (
the quantities r t , ρ d , and ρ m are equal to each other, as follows from Eqs. (10) and (11):
In this approximation, the use of relations (12) and (20) makes it possible to recast Eq. (9) into the more convenient form
where the quantity
which characterizes the spatial dimensions of the deuteron, is referred to as the deuteron radius [2] . By using the value in (2) for the deuteron binding energy, one can easily obtain the following numerical value for the deuteron radius:
In the effective-range approximation (19) the low-energy triplet np scattering parameters a t and r t are expressed in terms of the bound-state parameters (deuteron radius R d and normalization constant C d ) as
With the aid of the deuteron parameters, the behavior of the phase shift at low energies can be predicted in the effective-range approximation (19) with allowance for expressions (24) and (25).
3. As was indicated above, a great number of studies have been devoted to exploring and calculating the asymptotic normalization constant A S . The values of the constant A S (and of the quantities ε d and a t ) for some realistic potentials [19-25, 27, 34-36] are quoted in Table 1 , along with the values of A S that were found from the analysis of phase shifts in [17, 27] and on the basis of the effective-range expansion in [4, 8] . Also given in the same table are the values of the constant A S that were calculated in the present study by formulas (18) and (21), which correspond to the effective-range approximation. In addition, Table 1 presents the absolute (∆) and the relative (δ) error in the calculation of A S in this approximation.
It can be seen from Table 1 that, for the majority of the models, the relative error in the A S value calculated in the effective-range approximation does not exceed 0.3%, while the absolute error is not greater than 0.003 f m −1/2 , as a rule. This is not so only for some early models of the Bonn potential (lines 15-17 in Table 1 ), in which case the relative error in the approximate value of the constant A S is 2 to 3%. For the same potentials, the relative error in the approximate values of the deuteron mean-square radius r d that were obtained by formula (4) is also overly large. For example, the relative error in r d is 2.52% for the HM-2 potential and 1.49% for the Bonn F potential. At the same time, this error is small for more correct models of the Bonn potential, Bonn R and Bonn Q (0.081 and 0.137%, respectively).
For the Paris potential, the error in question is 0.035%.
Thus, we can see from Table 1 which was found in the present study in the effective-range approximation. In that case, the relative error in the approximate value was 0.725%. An incorrect choice of the shape parameter P t in [8] is the reason for this discrepancy -namely, the following data from [37] on the low-energy scattering parameters were used in [8] to calculate the constant A S : a t = 5.412 f m, and r t = 1.733 f m; however, the value of P t = −0.0188, chosen there for the shape parameter, corresponded to the Paris potential, for which the scattering length and the effective range take values (a t = 5.427 f m, r t = 1.766 f m) that exceed considerably those that were employed in [8] .
Considering that the deuteron binding energy has been determined to a high degree of precision and is taken to have an approximately the same value in all of the calculations, one can conclude on the basis of the results in Table 1 that 99.7% of the asymptotic normalization constant A S is determined by the triplet scattering length a t . The inverse also holds: knowing the values of the constant A S , one can determine the triplet scattering length a t to a high degree of precision.
Taking the aforesaid into consideration, we will investigate the asymptotic constant A S Thus, it follows from Table 1 and from the figure that the asymptotic normalization constant A S and the triplet scattering length a t are well correlated quantities, so that any of these can be determined to a high degree of precision if the other is known. For the experimental value presented in (3) for the constant A S , the corresponding value of the scattering length a t can easily be determined in the effective-range approximation by formulas (18) and (21) . The result is a t = 5.395 f m .
At the same time, the currently recommended experimental value of the triplet scattering length in (7) leads, in the effective-range approximation, to the asymptotic-normalizationconstant value
which is well above the experimental value of this quantity in (3). As was indicated above, the experimental scattering-length value in (7) also leads to the exaggerated value in (8) for the root-mean-square radius r d of the deuteron.
Thus, it can be concluded from the above analysis that the currently recommended experimental value of the triplet np scattering length in (7) does not comply with the experimental values of the asymptotic normalization constant A S for the deuteron and its root-mean-square radius r d in (3) and (5a)-(5c), respectively. Therefore, it is of paramount importance to determine, for the characteristics of the deuteron and for the low-energy triplet np scattering parameters, such values that would be consistent with one another, on one hand, and which would be compatible with experimental data on the other hand.
4.
Fixing the features ε d , A S , and r d of the deuteron, we will study the behavior of the S-wave phase shift at low energies in the approximation that takes into account the shape parameter P t in the effective-range expansion; that is,
For the scattering length a t , use is made here of the values in (6a)-(6c), which correspond to the values of the root-mean-square-radius r d of the deuteron in (5a)-(5c), while, in accordance
with (10), (13), and (14), the effective range r t and the shape parameter P t are given by
where the effective radius ρ d of the deuteron and the mixed effective range ρ m are determined from Eqs. (9) and (12), respectively. The parameters a t , r t , P t , ρ m , and ρ d calculated in this approximation on the basis of the experimental values of the deuteron binding energy ε d in (2), the asymptotic normalization constant A S in (3), and the root-mean-square radius r d of the deuteron in (5a)-(5c) are given in Table 2 The quantity δρ defined as the difference of the effective radius ρ d of the deuteron and the mixed effective range ρ m ,
is often discussed in the literature. According to the estimates obtained by Noyes in [3] on the basis of dispersion relations, this difference arises owing to one-pion exchange and is positive, its magnitude being 0.016 f m. For many potential models, the difference δρ is also positive; as was established in [5, 6, 31] , it well correlates with the triplet scattering length a t . In our case, this difference is given by
For the parameter values used in the S and K versions from Table 2 , it is positive, taking the values of 0.011 and 0.030 f m, respectively. However, for the cases of B and PWA in Table   2 , the difference δρ is negative, its values being −0.013 and −0.015 f m. For this reason, the problem of the sign and magnitude of the difference of the effective radius of the deuteron ρ d and the mixed effective range ρ m calls for a further investigation.
For the low-energy parameters given in Table 2 , we have calculated the triplet phase shift δ t (k). The results are displayed in Table 3 , along with the latest experimental data of Arndt et al. [38] on the triplet phase shift. Table 4 presents the energy dependence of the difference ∆ = δ exp − δ theor (33) of the experimental value of the phase shift and its theoretical counterparts calculated by formula (28) and quoted in Table 3 . As can be seen from Tables 3 and 4 , all sets of lowenergy parameters a t , r t , and P t from Table 2 describe well experimental data up to an energy value of 5 MeV (the absolute error being less than 1 • ). Nonetheless, the distinction between the sets of low-energy parameters in describing experimental data becomes noticeable at an energy as low as 1 MeV , and we can see that preference should be given to the parameter sets employed in the B and PWA versions. These sets provide a nearly precision description (with a relative error of about 0.005%) of experimental phase shifts up to an energy value of 5 MeV . Thus, the accuracy of existing experimental data that is available at present is quite sufficient for removing ambiguities that arise in determining the scattering length a t and the effective range r t [1] and which are associated with the form of the potential. In view of this, the problem of deducing the scattering length, the effective range, and parameters of higher order (shape parameters) in expansion (1) directly from experimental data is pressing. It should be noted that the B and PWA sets describe well, in contrast to other parameter sets, experimental phase shifts up to an energy value of 50 MeV . For the B and PWA sets, the absolute error is about 0.5
• at E lab = 30 MeV and about 1
• at E lab = 50 MeV . From Table   4 , it can be seen that, for other parameter sets, the absolute error is much greater.
Thus, np scattering in the triplet state can be described rather well within the B set up to an energy value of 50 MeV , the experimental values used in this description for the characteristics of the deuteron being that in (2) for the binding energy, that in (3) for the asymptotic normalization constant, and that in (5a) for the root-mean-square radius. On the other hand, parameters that characterize the neutron-proton bound state (deuteron) can be determined from experimental data on np scattering. By using the values
which we found here for the low-energy scattering parameters from an analysis of the latest data on phase shifts [38] , we will now determine the asymptotic normalization constant A S and the root-mean-square radius r d for the deuteron. In accordance with Eqs. (4), (9), (10), (12), and (13), we obtain 5. To summarize, we will formulate our basic results and conclusions. We have investigated the correlation relationship between the asymptotic normalization constant for the deuteron, A S , and the triplet np scattering length a t . It has been established that 99.7%
of the asymptotic constant A S is determined by the triplet scattering length a t . It has been shown that, in the effective-range approximation, the linear correlation relationship between the quantities 2α/A 2 S and R d /a t provides a good test of correctness of various potential models and methods that are used in studying nucleon-nucleon interaction.
It has been found that evaluating the asymptotic normalization constant for the deuteron and its root-mean-square radius with the currently recommended triplet-scattering-length Table   2 E lab , ∆ , deg 
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